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Abstract
Two kinds of Yang-Mills fields are found upon the concepts of mass eigenstate and
nonmass eigenstate. The Yang-Mills fields of the first kind were proposed by Yang
and Mills, which couple to the mass eigenstates with the same rest mass, whose gauge
bosons are massless. I find that there are second kind of Yang-Mills fields, which are
constructed on a five-dimensional manifold. Only the nonmass eigenstates couple to
the Yang-Mills fields of the second kind, which are the nonmass eigenstates as well
and composed of mass eigenstates of gauge bosons. The mass eigenstates of the Yang-
Mills fields of the second kind live in the four-dimensional spacetime, the corresponding
gauge bosons of which may be massive. The SU(2) × U(1) gauge fields of the second
kind are studied carefully, whose gauge bosons, which are the mass eigenstates, are
the W±, Z0 and photon fields. The rest masses of W± and Z0 obtained are the same
as that given by the Glashow-Salam-Weinberg model of electroweak interactions. It is
discussed that this model should be renormalizable.
PACS numbers: 11.15.-q, 11.10.Kk, 12.60.-i
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55 years ago, Yang and Mills constructed the gauge field theory of non-Abelian
group, which has become the most fundamental content in quantum field theory. Upon
the principle that physical laws should be covariant under the local isospin rotation they
proposed the SU(2) Yang-Mills theory [1]. But they could not obtain the massive gauge
bosons then. About 10 years later, an ingenious trick called the Higgs mechanism was
independently invented by Higgs and Englert and Brout [2], who introduced a scalar
field and the spontaneous symmetry broken mechanism of vacuum by fixing a vacuum
expectation value of the scalar field and make the intermediate vector bosons obtain
masses.
Based on the Yang-Mills fields and the Higgs mechanism, Glashow, Salam and
Weinberg etc. proposed a renormalizable theory unifying the weak and electromagnetic
interactions, namely SUL(2) × UY (1) gauge theory [3]. Although this electroweak
theory had predicted the masses of intermediate vector bosons, which were confirmed
by experiments, there are still several unconfirmed predictions or conflicting phenomena
in it. e.g. Firstly, experimenters have not found any hints of the Higgs boson till now;
Secondly, a lot of recent experiments imply that the neutrinos should be massive and
be mixed [4]. Here I discuss a model to give the massive gauge bosons in Yang-Mills
theory without Higgs mechanism.
In this letter, the signature of spacetime metric ηµν(µ, ν = 0, 1, 2, 3) is (+,−,−,−),
and the spacetime coordinates are described by the contravariant four-vector xµ (h¯ =
c = 1 is adopted). In Ref.[5], the rest mass operator†
mˆ = −i∂z (1)
is defined by introducing an extra parameter z besides of the spacetime coordinates xµ.
From the mathematical point of view, z and xµ establish a five-dimensional manifold.
The definition of the rest mass operator leads to a theorem that a field F(x, z) is
massless if and only if F(x, z) is z-independent [5]. Hence the massless gravitational
†I use ∂z ≡ ∂∂z , ∂µ ≡ ∂∂xµ and ∂α ≡ ∂∂xα .
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field, the electromagnetic field and SU(3) gauge fields in QCD are all z-independent,
who live in the z = 0 brane of five-dimensional manifold.
The Lagrangian of a nonmass eigenstate Φ(x, z) of free spin-1
2
fields is of the form‡
L1n = Φ¯(x, z) (iγµ∂µ + i∂z) Φ(x, z) , (2)
here Φ¯ ≡ Φ†γ0 is called the spinor adjoint to Φ. I indicated that the mass eigenstate of
a spin-1
2
field satisfies Φ(x, z) = eimzφ(x) in Ref.[5], where m is the rest mass. Therefore
one can obtain the Lagrangian of the mass eigenstate of a free spin-1
2
field from (2),
that is
L1m = φ¯(x) (iγµ∂µ −m)φ(x) , (3)
where φ¯ ≡ φ†γ0 is the spinor adjoint to φ.
Let’s consider a quantum field system in which two different nonmass eigenstates
Ψ1(x, z) and Ψ2(x, z) of free spin-
1
2
fields form an isospin doublet as follows
Ψ(x, z) =
(
Ψ1(x, z)
Ψ2(x, z)
)
. (4)
So the Lagrangian of two nonmass eigenstates of free spin-1
2
fields is
L2n = Ψ¯(x, z) (iγµ∂µ + i∂z) Ψ(x, z) . (5)
Here Let’s first consider a special case: if Ψ1(x, z) and Ψ2(x, z) are mass eigenstates
with the same rest mass, then Ψ1(x, z) = e
imzψ1(x), and Ψ2(x, z) = e
imzψ2(x), where
m is the rest mass. I can therefore obtain Ψ(x, z) = eimzψ(x) by defining
ψ(x) =
(
ψ1(x)
ψ2(x)
)
. (6)
Hence the Lagrangian of a quantum field system where two mass eigenstates eimzψ1(x)
and eimzψ2(x) form an isospin doublet is acquired from (5), namely
L2m = ψ¯(x) (iγµ∂µ −m)ψ(x) . (7)
‡L1n, L1m denote the Lagrangian of one nonmass eigenstate or one mass eigenstate respectively.
L2n, L2m have the similar meanings.
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The largest inner gauge symmetry group in this system is obviously SU(2)×U(1).
The total Lagrangian of this system reads
L2mt = iψ¯γµ(∂µ − ig′T ·Bµ)ψ − eψ¯γµAµψ
−mψ¯ψ − 1
4
F˜µν · F˜µν − 1
4
E˜µνE˜
µν , (8)
where e, g′ are the coupling constants of U(1) and SU(2) gauge fields respectively, and
the dot “·” denotes a scalar product in the isospace. In this case, T ·Bµ means
T ·Bµ = T 1B1µ + T 2B2µ + T 3B3µ , (9)
where T a, a = 1, 2, 3 are the generators of SU(2) group, which are written as
T a =
1
2
τa , (10)
where τa are the traceless matrices
τ 1 =
(
0 1
1 0
)
, τ 2 =
(
0 −i
i 0
)
, τ 3 =
(
1 0
0 −1
)
, (11)
known as the Pauli matrices. They obey the commutation relations
[τa, τ b] = 2i
3∑
c=1
εabcτ
c . (12)
Here εabc is the totally antisymmetry tensor in 3-dimensions.
In Yang-Mills theory [1], T·Bµ is called the SU(2) gauge field, and its field strength
tensor is of the form
F˜µν ·T = ∂µ(Bν ·T)− ∂ν(Bµ ·T)− ig′[Bµ ·T,Bν ·T] . (13)
Hence the field strength F˜µν satisfies
F˜µν = ∂µBν − ∂νBµ + g′Bµ ×Bν . (14)
I use Aµ to denote the U(1) gauge field. The field strength of the U(1) gauge field is
defined by
E˜µν = ∂µAν − ∂νAµ . (15)
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We are very familiar with above SU(2) gauge fields and U(1) gauge field which have
been the fundamental content of quantum field theories. The gauge bosons are massless.
From a viewpoint of the rest mass operator, above SU(2) gauge fields couple to the
mass eigenstates with the same rest mass. I call this Yang-Mills fields the first kind.
The SU(3) gauge fields in QCD obviously belong to this kind.
From now on I will study another kind of Yang-Mills fields carefully. To make the
gauge invariance explicit, let’s formally introduce the extra dimension x4 as follows
x4 = −x4 = z , γ4 = −γ4 = 1 . (16)
Hence the Lagrangian L2n is rewritten as
L2n = iΨ¯(x, z)γα∂αΨ(x, z) , α = 0, 1, 2, 3, 4 . (17)
Since two different nonmass eigenstates Ψ1(x, z) and Ψ2(x, z) form an isospin doublet,
I can consider a local isospin rotation logically similar to what Yang and Mills did in
their original paper. That is
Ψ′(x, z) = S(x, z)Ψ(x, z) , (18)
where S(x, z) is a 2×2 matrix. To make sure that the probability density Ψ¯(x, z)Ψ(x, z)
is invariant under above rotation (18), the matrix S(x, z) must be unitary with unit
determinant
S†(x, z)S(x, z) = 1 . (19)
All the matrices satisfy this condition generate the group SU(2), which is a non-Abelian
Lie group. The transformation (18) directly means that
Ψ¯′(x, z) = Ψ¯(x, z)S†(x, z) . (20)
The matrix S(x, z) can be written in the form
S(x, z) = exp
(
i
3∑
a=1
τa
2
Θa(x, z)
)
. (21)
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To discuss the gauge invariance, here I introduce the gauge-invariant derivative
Dˆα = ∂α − ig1T ·Wα(x, z) , (22)
where g1 is the coupling constant of SU(2) gauge fields, and
T ·Wα(x, z) =
3∑
a=1
T aWaα(x, z) . (23)
Invariance requires that
(∂α − ig1T ·W′α)Ψ′ = S(∂α − ig1T ·Wα)Ψ . (24)
Combining (18) and (24), I obtain the gauge transformation on Wα:
T ·W′α = ST ·WαS−1 +
i
g1
S
(
∂αS
−1
)
. (25)
In analogy to the procedure of obtaining gauge invariant field strengths in electromag-
netic case, I define now
Fαβ ·T =
3∑
a=1
FaαβT
a = Dˆα(T ·Wβ)− Dˆβ(T ·Wα)
= ∂α(Wβ ·T)− ∂β(Wα ·T)− ig1 [Wα ·T,Wβ ·T]
= (∂αWβ) ·T− (∂βWα) ·T+ g1
∑
abc
WaαW
b
βεabcT
c
= (∂αWβ − ∂βWα + g1Wα ×Wβ) ·T . (26)
Therefore the isovector of field strengths is
Fαβ = ∂αWβ − ∂βWα + g1Wα ×Wβ . (27)
One easily shows from the equation (25) that
F′αβ ·T = SFαβ ·TS−1 . (28)
I obtain a gauge invariant Lagrangian by performing the trace over the isospin indices:
LSU(2) = −1
2
Tr{(Fαβ ·T)(Fαβ ·T)}
= −1
4
Fαβ · Fαβ = −1
4
3∑
a=1
FaαβF
aαβ . (29)
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Considering the couplings between fermions and gauge bosons and the self-couplings
of gauge bosons, one can get the complete Lagrangian as follows
L2nt = L2n + Lint + LSU(2)
= iΨ¯γα(∂α − ig1T ·Wα)Ψ− 1
4
Fαβ · Fαβ . (30)
In order to build a foundation for setting up an electroweak model without Higgs
mechanism, I discuss the SU(2) × U(1) gauge fields in this letter. The U(1) gauge
field that couples to a nonmass eigenstate has been studied in my preceding paper [5].
The Lagrangian (17) shows me that the maximal gauge groups for this quantum field
system are SU(2) × U(1). I have introduced the SU(2) gauge fields in this system,
now I put in the U(1) gauge field. Let us multiply the nonmass eigenstates Ψ(x, z) by
a local phase eiΘ(x,z), namely
Ψ′′ = eiΘ(x,z)Ψ , Ψ¯′′ = e−iΘ(x,z)Ψ¯ . (31)
According to the discussion in Ref.[5], I introduce the U(1) gauge field of the second
kind, that is Xα(x, z). Under the transformation of (31), Xα(x, z) transforms as
X′′α(x, z) = Xα(x, z) +
1
g2
∂αΘ(x, z) , (32)
here g2 is the coupling constant of U(1). The strength tensor of U(1) gauge field is of
the form
Eαβ(x, z) = ∂αXβ(x, z)− ∂βXα(x, z) , (33)
which is invariant under the transformations of (31) and (32). Therefore the total
Lagrangian including the U(1) gauge field of the second kind is written as
Ltotal = L2n + Lint + LU(1) + LSU(2)
= iΨ¯γα(∂α − ig2Xα − ig1T ·Wα)Ψ
− 1
4
EαβE
αβ − 1
4
Fαβ · Fαβ . (34)
Obviously the total Lagrangian is also invariant under the transformations of (31) and
(32). The gauge covariance requires that Xα and T ·Wα are all nonmass eigenstates.
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Till now I merely constructed the SU(2)× U(1) gauge fields on a five-dimensional
manifold, which is quite the same as the gauge fields proposed by Yang and Mills.
Yes, from the five-dimensional point of view, the gauge bosons are massless in above
discussed SU(2)×U(1) gauge fields since there are no mass term in the total Lagrangian
(34). But, things will be quite different when I discuss them from the viewpoint of z = 0
brane.
I have pointed out that the gravitational field, the electromagnetic field and SU(3)
gauge fields in QCD are living in the z = 0 brane of five-dimensional manifold. Also I
have proved that the z-independent electromagnetic field, gravitational field and SU(3)
gauge fields only couple to the mass eigenstates. Therefore I can find that the mass
eigenstates coupled by the gravitation, the electromagnetic field and the gluon fields
are also living in the z = 0 4-dimensional brane.
It is indicated that the nonmass eigenstate is composed of mass eigenstates [5]. To
discuss the physical properties of the mass eigenstates who compose the gauge fields
Xα and Wα, I write out the spacetime component and z-related component of gauge
fields separately. Therefore
Xα(x, z) ≡ (Xµ(x, z),Xz(x, z)) , (35)
Wα(x, z) ≡ (Wµ(x, z),Wz(x, z)) . (36)
To list the components of Wα(x, z) manifestly, I rewrite (36) as
Waα(x, z) ≡ (Waµ(x, z),Waz(x, z)) , a = 1, 2, 3 . (37)
After that, the strength tensor Eαβ(x, z) is correspondingly divided into three parts
Eµν(x, z) = ∂µXν(x, z)− ∂νXµ(x, z) , (38)
Eµz(x, z) = −Ezµ(x, z) = ∂µXz(x, z)− ∂zXµ(x, z) , (39)
Ezz(x, z) = ∂zXz(x, z)− ∂zXz(x, z) ≡ 0 . (40)
Surely one can also get the decomposition of the strength tensor Fαβ(x, z) as follows
Fµν(x, z) = ∂µWν − ∂νWµ + g1Wµ ×Wν , (41)
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Fµz(x, z) = −Fzµ(x, z) = ∂µWz − ∂zWµ + g1Wµ ×Wz , (42)
Fzz(x, z) ≡ 0 . (43)
Now let’s consider the movement of gauge bosons. Firstly, the interaction term Lint
in total Lagrangian (34) shows that the movement of gauge bosons is decided by the
momentum of Ψ and Ψ¯. The Ψ and Ψ¯ are nonmass eigenstates, who are composed of
mass eigenstates that are living in the z = 0 brane and moving along the z = 0 brane,
hence gauge bosons must move along the z = 0 brane. Secondly, once the gauge bosons
are produced, they are constrained by gravitation, which is living in the z = 0 brane.
Consequently
Wz(x, z) = 0 , Xz(x, z) = 0 . (44)
Hence the equations (39) and (42) reduce to
Eµz(x, z) = −Ezµ(x, z) = −∂zXµ(x, z) , (45)
Fµz(x, z) = −Fzµ(x, z) = −∂zWµ(x, z) . (46)
The spacetime components Xµ(x, z) and Wµ(x, z) are nonmass eigenstates, which are
linear combinations of mass eigenstates. I define the mass eigenstates of bosons W±
by
W+µ (x, z) =
1√
2
(
W1µ(x, z)− iW2µ(x, z)
)
, (47)
W−µ (x, z) =
1√
2
(
W1µ(x, z) + iW
2
µ(x, z)
)
. (48)
When the mass eigenstates of W± are expressed by
W+µ (x, z) = e
imW zW+µ (x) , W
−
µ (x, z) = e
imW zW−µ (x) , (49)
mW being the rest mass of W
±, the nonmass eigenstates W1µ(x, z) and W
2
µ(x, z) are
manifestly given by
W1µ(x, z) =
1√
2
(
W+µ (x, z) +W
−
µ (x, z)
)
=
1√
2
eimW z
(
W+µ (x) +W
−
µ (x)
)
, (50)
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and
W2µ(x, z) =
i√
2
(
W+µ (x, z)−W−µ (x, z)
)
=
i√
2
eimW z
(
W+µ (x)−W−µ (x)
)
. (51)
The boson fields W+µ (x, z), W
−
µ (x, z), Zµ(x, z) and photon field Aµ(x), which are mass
eigenstates, constitute a complete Hilbert space. From Ref.[5], I know that
Zµ(x, z) = e
imZzZµ(x) , (52)
here mZ is the rest mass of boson Z
0. The nonmass eigenstates W3µ(x, z) and Xµ(x, z)
are the linear combinations of Zµ(x, z) and Aµ(x), namely
W3µ(x, z) = sin θWAµ + cos θWZµ(x, z)
= sin θWAµ + cos θW e
imZzZµ , (53)
Xµ(x, z) = cos θWAµ − sin θWZµ(x, z)
= cos θWAµ − sin θW eimZzZµ , (54)
where θW is the Weinberg angle.
The nonmass eigenstates Waα(a = 1, 2, 3) in T ·Wα must have the same rest mass
because of two reasons: Each Waα plays the quite equal role in gauge field T ·Wα; The
model must be SU(2) gauge invariant. Consequently
mW1µ = mW2µ = mW3µ . (55)
In Ref.[5], it is indicated that the rest mass squared of nonmass eigenstate of vector
fields can be calculated, that is
m2
Vµ
=
n∑
j=1
aja
∗
jm
2
j (56)
is right if and only if
Vµ =
n∑
j=1
aj[Vµ]j =
n∑
j=1
aje
imjz[Vµ]j . (57)
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Then one can easily obtain the rest masses of W1µ and W
2
µ from (50) and (51) respec-
tively
m2
W1µ
= m2
W2µ
= m2W , (58)
also get the rest mass of W3µ from (53)
m2
W3µ
= m2Z(cos θW )
2 . (59)
Therefore combining (55), (58) and (59), I obtain the following relation
mW = mZ cos θW . (60)
In the total Lagrangian (34), the kinetic terms of Fermions and the interaction terms
will be discussed carefully in my forthcoming paper [6], in this letter I only discuss the
self-couplings of SU(2)×U(1) gauge fields, namely the terms LU(1)+LSU(2) in (34). It
has been pointed out that the gauge bosons in my model merely propagate along the
z = 0 brane, therefore Wz(x, z) = 0, Xz(x, z) = 0. In this case, substituting (54) into
(45) yields
Ezµ = −imZ sin θW eimZzZµ . (61)
Substituting (50), (51) and (53) into (46) respectively, I obtain
F1zµ =
i√
2
mWe
imW z
(
W+µ +W
−
µ
)
, (62)
F2zµ = −
1√
2
mW e
imW z
(
W+µ −W−µ
)
, (63)
F3zµ = imZ cos θW e
imZzZµ . (64)
Substituting (61), (62), (63) and (64) into LU(1) + LSU(2), I find that the self-coupling
terms of SU(2)× U(1) gauge fields become
LU(1) + LSU(2)
= −1
4
EαβE
αβ − 1
4
Fαβ · Fαβ
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= −1
4
EµνE
µν − 1
4
Fµν · Fµν − 1
2
(EzµE
zµ + Fzµ · Fzµ)
= −1
4
EµνE
µν − 1
4
Fµν · Fµν − 1
2
(
EzµE
zµ + F1zµF
1zµ + F2zµF
2zµ + F3zµF
3zµ
)
= −1
4
EµνE
µν − 1
4
Fµν · Fµν + 1
2
m2Ze
2imZzZµZ
µ +m2We
2imW zW+µ W
µ− . (65)
It is indicated that all the mass eigenstates coupled by the gravitation, the electro-
magnetic field and the gluon fields are living in the z = 0 brane. Hence, expressed by
the mass eigenstates in the z = 0 brane, the self-coupling terms of SU(2)×U(1) gauge
fields reduce to
LU(1),z=0 + LSU(2),z=0
= −1
4
EµνE
µν − 1
4
Fµν · F µν + 1
2
m2ZZµZ
µ +m2WW
+
µ W
µ− , (66)
where Fµν ≡ {F 1µν , F 2µν , F 3µν}, and Eµν is formulated by
Eµν(x) = ∂µXν(x)− ∂νXµ(x) , (67)
and Fµν is given by
Fµν(x) = ∂µWν(x)− ∂νWµ(x) + g1Wµ(x)×Wν(x) , (68)
in which Wµ(x) ≡ {W 1µ(x),W 2µ(x),W 3µ(x)}. The four-dimensional fields Xµ(x) and
Wµ(x) are composed of mass eigenstates which are constrained in the z = 0 brane.
From (50), (51), (53) and (54), one can easily obtain the expressions of them in the
following
W 1µ(x) =
1√
2
(
W+µ (x) +W
−
µ (x)
)
, (69)
W 2µ(x) =
i√
2
(
W+µ (x)−W−µ (x)
)
, (70)
W 3µ(x) = sin θWAµ(x) + cos θWZµ(x) , (71)
Xµ(x) = cos θWAµ(x)− sin θWZµ(x) . (72)
Obviously they have the same forms as the definitions of gauge bosons of SU(2)×U(1)
gauge fields in the Glashow-Salam-Weinberg model [7]. The fields W+µ (x), W
−
µ (x),
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Zµ(x) and Aµ(x) in above expressions are mass eigenstates that are constrained in the
z = 0 brane.
The SU(2) × U(1) gauge fields of the second kind merely couple to the nonmass
eigenstates, which are the nonmass eigenstates as well, hence cannot be observed di-
rectly. The nonmass eigenstates of gauge fields are composed of the mass eigenstates
that are constrained in the z = 0 brane. When I reexpress the Lagrangian LU(1)+LSU(2)
by the mass eigenstates of gauge bosons who live in four-dimensional spacetime, I find
that the fields W+µ (x), W
−
µ (x) and Zµ(x) can be treated as massive gauge bosons from
the four-dimensional point of view since their mass terms automatically appear in the
four-dimensional Lagrangian (66).
The mass terms of gauge bosons who are living in four-dimensional spacetime aren’t
inserted by hands, which is produced automatically. From five-dimensional point of
view, the SU(2)×U(1) gauge fields of the second kind are massless, which are the usual
gauge fields that we are very familiar with, since there are no mass term in the total
Lagrangian (34). Therefore, the gauge fields in this model should be renormalizable.
let me explicitly explain this model again: The general equation of a nonmass
eigenstate of spin-1
2
fields is built on a five-dimensional manifold, therefore the gauge
fields of the second kinds, who couple to the nonmass eigenstates of spin-1
2
fields, are
constructed on a five-dimensional manifold as well. But the nonmass eigenstates are
composed of mass eigenstates, which are physically observable. The mass eigenstates
are merely coupled by the electromagnetic field, the gravitation and the gluon fields,
who are living in the z = 0 brane. Hence the initial momentum of the nonmass
eigenstates of spin-1
2
fields are along the z = 0 brane, which decides that the gauge
fields of the second kind must propagate along the z = 0 spacetime as well. When the
gauge fields of the second kind are reexpressed by their mass eigenstates that living
in the four-dimensional spacetime, it is found that the gauge bosons who are mass
eigenstates can be treated as massive vector fields.
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